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Abstract.
1. Introduction
When we were children we loved to draw circles using bows. It was also big fun to draw an ellipse with two pins and some thread. Later we could use an ellipsograph. We could not draw, however, any other mathematical curves. Now we have the computer at our disposal by which many geometrical shapes can be produced and presented with desired precision. To view these is great fun. On the other hand, getting to know the algorithms that produce these curves strengthens the connection between geometry and mathematics in general and it helps understand the connections between various processes and structures.
Mathematical curves can be generated by several programs. Logo usually uses the polar coordinate system instead of Descartes coordinates. This way the drawing will be more syntonic, we can more easily identify ourselves with the motion.

We met the topic first at the VI. EuroLogo Conference [1]. Some functions we described in Porto [2], a competition was inspired by our Polish colleague at the last EuroLogo Conference [3]. Now we generate some new curves in OOP paradigm.
2. Pedagogic and didactic issues
Inadequate teaching of mathematics may cause a phobia in many children. The expression mathphobia will be used, after Papert [4], as a phobia against something that appears to be too hard to learn. Any subject, even informatics can cause it, although this subject usually starts with causing satisfaction. Mathphobia influences further development harmfully, and it gets incurable by the time of higher education. Prevention can be achieved by making the subject loveable. This may be even more important than teaching. Not forgetting the important role of the teacher in the process of learning; we emphasize that learning is an individual activity to be performed by the student. Papert focuses on constructivist learning and expects the teacher to create the suitable environment. Zsolnay says that only those things are important that we learn ourselves individually, they are the things that we can make use of later. This does not exclude of course the aiding role of the teacher that makes it clear for the student that he must solve problems himself and must think himself [5].
We claim that the computer is an outstanding and indispensable tool for learning. It is useful not only for searching and sorting information but more importantly an experimental tool for the student that can be used for mental experiments. It embodies thousands of the Papert differential yielding new opportunities for self-learning.

" ...children can learn to use computers in a masterful way, and that learning to use computers can change the way they learn everything else" (Papert, [4] 8th page) 
We also agree with many computer fans that the computer is in fact a modelling tool. As soon as we realise this we ought to realise also what we can model with using the computer [6]. The mathematical curves to be presented not only yield aesthetic pleasure but they also serve as a good example of thinking development.
In case the various curves are created by turtle motions mathematical knowledge can be discovered by ourselves. Understanding and memory are more effective if connected to inner stimuli. Turtle geometry is effective because of visual experience as well as the dynamism of motion. Somatic syntony, the option that the drawing steps can be linked to our bodily motion, greatly enhances understanding the algorithms. We know from Logo the Papert algorithms for drawing polygons and circles. Generation of polygons can be done by forward and turning movements. The circle is the limit of the polygon when the number of angles tend to infinity. These motions can be accomplished by students. It is generally accepted that other mathematical curves can be more easily understood using turtle geometry. We claim that more special, not so easily generated curves are also friendlier if created by turtle motion superposition showing the curves’ ontology. It is another didactic advantage that the parameters of the generating function can be linked to the properties of the turtles, thus curve transformations can be better understood due to syntony. Function analysis is made playful in this way. 
Games and entertainment are important in motivating learning. Just as we use interesting stories for introducing hard algorithms, e.g. the mythical story of Ariadne and Theseus for maze algorithms ([7] , [8] ); we can attach well-known stories to mathematical curves too (cf. the next section).

3. Examples and methodology issues
1. The circle
Apart from the Papert circle drawing algorithm repeat: [small step, small turn] we introduce the more syntonic repeat sufficiently many times: [pen up, step radius, pen down, step 1, pen up, retreat radius+1, turn small]. The algorithm is of course only a practical circle but rather syntonic, it provides all pints at arms’ length around us.

Now we generate an additional circle algorithm using three turtles. They are Adam, Eve and Cain. The example is presented in MicroWorlds Ex and the turtles will be animated in the object oriented paradigm. In this program animation can be achieved by clicking on the turtle or by the instruction  Adam, [clickon] .
Let Adam’s method be the continual execution of command a  run :a , Eve’s method be the continual execution of command b  run :b , Cain’s the quasi-parallel execution of a and b: run :a run :b 

Thus Adam and Eve are moving on their own and Cain is imitating them both. When :a is stepping make "a [fd 1] , :b is small turn make "b [rt 1] , the result is circular motion. Running the program is effected by the command everyone [clickon] .This method is advised to be linked to a button object. 
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Figure 1. The circle as a result of two motions
Let us change the step and turn values make "a [fd step] make "b [rt slue] , and set the angle as well. By setting the parameters themselves, students can experimentally find out how the size of the circle and the speed of the motion depend on the parameters. As the circle can be considered a special polygon, polygons can also be drawn using the above method, e.g. Cain is drawing a rectangle if the two motions to be imitated are make "a [fd 55] and make "b [rt 90] by Adam and Eve.

2. Somersault
If Adam is moving not relative to himself but in the absolute coordinate system make "a [setx xcor + 1] then Cain is rolling.
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Figure 2. Rolling
Will the motion change if Eve is also moving in the absolute coordinate system, make "b [seth heading + 1] ? What is the connection between rolling and the cycloid?
3. Spirals
In case Adam is moving forward and Eve is turning slower and slower (or faster and faster), then Cain is moving on a spiral drawing ornamental trailers. 
Let us create a private method for Eve:
make "s 0 make "b [rt :s make "s :s + 1]

Let us change the member after :s. The difference will determine the type of the ornaments. The grouping of the ornaments demonstrate the prime factors of numbers [9]. More special ornaments can be created if the difference of the increase of turn is prime.
We get a spiral too if Eve is moving at constant speed but Adam is making bigger and bigger steps.
The parameters of Figure 3 are:


make "s 1


make "a [fd :s make "s :s + 0.1] 


make "b [rt 15]
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Figure 3. Spiral by superposition
4. Summing of vectors
The most spectacular way to demonstrate the summing of two vectors is the following: make "a [setx xcor + 1] make "b [sety ycor + 0.5]

Adam and Eve are a component each and Cain draws the resultant. If we slow the program the summation is even more spectacular. The length of the resultant is displayed with half rate. As our computer has one processor the motions are clearly not simultaneous.

We can model the summation more precisely if the turtles use relative coordinates and we use “real” turtle geometry: make "a [fd 1] make "b [fd 0.5] or if Cain’s method is not the imitation of the other two but the import of the absolute coordinates: setx ask "t1 [xcor] sety ask "t2 [ycor] .
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Figure 4. Vector summation
5. Alternating motion and the superposition of a vertical motion
If Adam is moving straight ahead and Eve is moving to and fro then Cain is moving harmoniously.

make "a [setx xcor + 1]

make "b [if or ycor > 100 ycor < -100 [rt 180] fd 1]
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Figure 5. Jigsaw motion
If we insert short pauses in Adam’s or Eve’s movement we get special profiles, jigsaw, trapezoid etc.

6. Cycloid
One way to generate cycloids is if Adam is moving forward while Eve is going round. 


make "a [setx xcor + 1]

make "b [fd 1 rt 1]

At Figure 6 we can see a cycloid. If we change the speed of either movement we get a looped or elongated cycloid.
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Figure 6. Peaked cycloid with superposition
By changing the parameters we can display the cycloids. 

7. Sine
Sine can also be defined as the limit of the elongated cycloid. We use four turtles. Adam is moving straight ahead. Eve is taking the actual y-coordinate of Lucifer. Lucifer is doing fd 1 rt 1.
Adam is doing :a by make "a [setx xcor + 1]
Eve’s method is  make "b [sety ask "Lucifer [ycor]]
Cain, as before, performs :a and :b .
As a result Cain is drawing a sine. 
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Figure 7. Sine in a new way
To generate sine consider the following code based on Foltynowicz [2007] using y=a sin(nx+p) where a is the amplitude, n is periodicity and p is phase.
to szinusz :a :n :p

make "s :a * 3.14 / 180

make "hx 2 * :s / :n / 3.14

cg ask [t1 t2 t3 t4][pu setpos [-300 0] pd]

ask "t4 [repeat :p [fd :s rt 1]]

ask "t1 [pu sety ask "t4 [ycor] pd]

repeat 360 * :n [ask "t4 [fd :s rt 1] ask [t1 t2][setx xcor + :hx] ask [t1 t3][sety ask "t4 [ycor]]]

wait 10 

szinusz :a :n :p

end

If the phase is 90 degrees then our curve is clearly the cosine. We can draw a sine in a simpler way too: 
to szin :a :n

make "s :a * 3.14 / 180

make "hx 2 * :s / :n / 3.14

repeat 360 * :n [ask "t4 [fd :s rt 1] ask [t1 t2][setx xcor + :hx] ask [t1 t3][sety ask "t4 [ycor]]]

end

Foltynowicz’s method is mathematically precise, complete and elegant. Our code operates with smaller chunks using OOP technology.
The private methods of the individual turtles can be well displayed, Lucifer is doing the control, Adam is the conveyance, Eve is the relative and Cain is the resultant motion. The turtles can each put down their pen, so the desired curve can be drawn out of the four. The putting down and taking up of the pens can be linked to buttons. This way we can demonstrate how objects communicate, as Eve is taking Lucifer’s coordinate.
After the sine ontology we can demonstrate the transformations of sines by changing the parameters.
8. Summation of sines
When four turtles generate a sine as above, four additional turtles another sine and the ninth turtle makes the superposition of the two sines by adding the coordinates y1 and y2. Thus we can superimpose a sine on an a sine.
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Figure 8. A sine and a sine
The turtles are doing the following:
t1’s method 
run :a



moving forward along the axis x

t2 

run :b



moving harmoniously
t3
 
run :a run :b


drawing a sine
t4

run :c



circling
t5

run :aa



t5 as t1

t6

run :bb



t6 as t2

t7

run :aa run :bb


t7 as t3

t8

run :cc



t8 as t4

t9

run :e



drawing the resultant curve
make "a [setx xcor + .1 * step]

make "b [sety ask "t4 [ycor]]

make "c [fd amplitudo rt 1]

make "aa [setx xcor + .1 * step]

make "bb [sety ask "t8 [ycor]]

make "cc [fd speed rt 1.5 * speed]

make "e [setx ask "t1 [xcor] sety (ask "t3 [ycor]) + (ask "t7 [ycor])]
9. Lissajous curves
The resultant of two vertical harmonic motions is the Lissajous curve. This was modelled in [Foltynowicz, 2007]. 

On grammar school level we describe the Lissajous curve in a simpler way.

Two turtles are moving as the horizontal and vertical projections of a circular motion, respectively. The superposition of the motion of these turtles is the Lissajous curve.

Thus the tasks and methods of the turtles are the following. Adam is taking the x-coordinate of Lily’s circular movement setx ask "Lili [xcor]. Eve is taking the y-coordinate of Lucifer’s circular movement sety ask "Lucifer [ycor]. Cain gets the coordinates from Adam and Eve: 

 setx ask "Adam [xcor] sety ask "Eve [ycor].
Using buttons we can easily control the control curves, the circles, the Lissajous motion, the two alternating harmonic motions, or the resultant motion. 

By changing the parameters of the two circular motions several other curves can be generated.
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Figure 9. Lissajous curve
4. Conclusion

4.1 The above examples are clearly understandable to most students.
G. Polya wrote in his world famous book [10] ‘Great inventions solve great problems, but even the smallest problem requires some little invention. The problem you are thinking about may be simple, but if it arouses your interest, activates your inventiveness, and finally if you manage to solve it on your own, you experience the thrill and triumph of discovery. … What is realised of it greatly depends on the mathematics teacher. If the mathematics teacher spends most of his/her times making the pupils solve routine problems, he/she kills their interest, hinders their mental development, and turns the favourable conditions on their wrong side. He has to realise that solving a mathematics problem can be as enjoyable as doing a crossword puzzle, or a strenuous mental exercise can be as good as a game of tennis.’ We think that drawing curves using a computer is a novel task for students.
4.2 The presentation of our examples is didactic.
It is a pedagogical fact that cutting the material into sufficiently small pieces learning will be easier. turtle geometry is built on small steps. In our examples we increased understanding by using more turtles, thereby cutting the material into even more pieces or subtasks. The subtasks were shared among the turtles and an additional turtle was used for summation.

Students may build up new curves from known movements and their new knowledge can be linked to things they already know.
4.3 Do it yourself!

It is a general saying among teachers that what we have heard we will forget, what we have seen we will remember and what we have done that we have learnt. In our examples students create the mathematical curves themselves, with some occasional help, and they learn their own way. This is made possible by the relative simplicity of Logo and OOP principles. This is especially true in Hungary where the basics of Logo is taught in elementary schools.
4.4 Our examples are motivating

The examples are motivating because students can utilise the results. They are able to create dynamic shapes that are new to them. One of our nine graders was very happy the other day with sine drawing  because in his animation Mario, the game  hero will be able to make jumps on the sine curve. What else would students use the sine curve for in their everyday lives?

4.5 To learn programming, drawing is a motivating factor
Papert describes that the program for the solution of ax2+bx+c=0 is not a very attractive task. A typical student does not want to solve equations – with only very few exceptions – but he wants to make animation videos or write game programs. Let him have the fun to learn maths through amusing projects!
4.6 The syntonic approach

We think that teaching programming, just as mathematics,  is important to develop thinking in an effective way. We have found some useful pedagogical tools (“turtles”) to teach some basic OOP principles. For example, object communication – the turtle being an object is quite obvious – can be well demonstrated using the turtles. ‘Eve requested and Lucifer provided co-ordinate y’ is clearer for a teenager than the communication of methods.

4.7 Our results

Our examples are used in informatics classes for our grammar school students. The computer itself is normally not enough to keep continuous attention in the class. In many schools informatics is not more than just secretarial office software which can be rather dull for many students. In our experience the above examples keep up the interest of most students and they actively participate in class work.
On the other hand, most of students being unaware of the fact, they learn some elements of maths in a creative way.

The above methodology was experimented with in a Budapest grammar school with students specialising partly I arts, partly in healthcare. For them the ‘electronic drama pedagogy’ was great amusement.

In higher education, our methodology was used in technical engineering education courses. Some of our university students have participated in collecting example Logo programs.
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