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Abstract—As known, quartics are the highest degree polynomials which can be solved analytically in general by the methods
of radicals. There are several problems based on not only one
but more equations independently, in case of simulations, the
number of equations can be very high. For this reason, it is worth
examining the runtime of the solver algorithms implemented for
multi-core systems, especially graphics accelerators. In this paper,
we discuss the runtime and numerical stability of the Ferrari’s
method using GPUs. It is worth to port an application to the
graphics card, if the number of calculations is relatively high
and the number and volume of memory accesses is relatively
small. Based on the results, it is clear, that running multiple
equation solvers based on the given method is clearly meets these
conditions.

I. I NTRODUCTION
Several problems need quartic equations to be solved.
Beyond computer graphics [1]–[4], there are several scientific
areas where these equations play an important role. Like astronomy (transformation of geocentric to geodetic coordinates
without approximations [5]), biochemistry (theoretic analysis
of monocyclic cascade models [6]), physics (analysis of chiral
perturbation theory [7], analytical solution of tt dileption
equations [8]), geography (quantitative analysis of land surface
topography [9], [10]), and cryptography [11].
It is important to note, that most of these problems need to
solve more than one equation independently [12]. In case of
simulations, the number of equations can be very high. For
this reason, it is worth examining the runtime of the solver
algorithms implemented for multiprocessor systems, especially
graphics accelerators [13].
There are various techniques to solve these problems; however, in this paper, we discuss only analytic solutions. We will
examine the runtime and numerical stability of the Ferrari
method using NVIDIA GPUs. In mathematics, a quartic
function, or equation of the fourth degree, is a function of
the form:
f (x) = ax4 + bx3 + cx2 + dx + e

(1)

where a is nonzero; or in other words, a polynomial of degree
four.
As known, quartics are the highest degree polynomials
which can be solved analytically in general by the methods
of radicals, i.e., operating on the coefficients with a sequence

of operators from the set: sum, difference, product, quotient,
and the extraction of an integral order root [14]. This means
that these equations can be solved by analytic algorithms, and
need no iterative implementations.
All existing analytic methods (e.g. Descartes-EulerCardano’s, Ferrari-Lagrange’s, Neumark’s, ChristiansonBrown’s, and Yacoub-Fraidenraich-Brown’s) are particular
versions of the same universal method [9]. Many algorithms
are based on the idea of previously solving a particular cubic
equation, the coefficients of which are derived from those of
the original quartic. The root of this cubic equation is then
used to factorise the quartic into quadratics, which can then
be solved by this way [14].
II. F ERRARI METHOD
Lodovico Ferrari is known as the person, who found the
first solution for this problem in 1540. However, this method
(like all algebraic variants) requires the solution of a cubic
to be found, therefore it was published later in the book Ars
Magna [15]. A short overview about the Ferrari method:
Given the following quartic equation:
Ax4 + Bx3 + Cx2 + Dx + E = 0

(2)

First, we have to calculate the following intermediate results:
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The next step is based on the value of β. In the case when β
is zero, we can easily calculate the final results (Eq. 6)
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Otherwise, we have to continue the calculations with the
followings:
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Some further remarks about the calculations:
• At Eq. 9, any of the two square roots will do.
• At Eq. 10, any of the three complex roots will do.
Q=−
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able to solve multiple equations in parallel. We developed
the same application for the CPU using the standard C
language. The next section contains the comparison of the
two applications. The Ferrari method uses complex values,
therefore both of the implemented algorithms are based on
these data types. Fortunately, in both environments we can
use similar instructions for complex number management.

(11)
IV. T EST RESULTS
(12)

We used the following configurations for the tests:
•

(13)

III. GPU IMPLEMENTATION OF THE ALGORITHM
The first reason why it is worth executing algorithms in the
GPU is the enormous computing capacity of these devices. The
peak performance of the graphics card is about two magnitudes
higher than the already available multi-core CPUs. The main
reasons for this high peak performance are as follows:
• High number of processing units (cores).
• Complex and very effective memory architecture.
Similar to CPUs, in the case of newer GPUs, there are
increasingly more processing units. It is worthwhile noticing
that in this case we talk about quite different dimensions,
the number of CUDA cores in a Kepler based Tesla K40
graphics accelerator is 2880, compared to the common 8 cores
of traditional CPUs. It is obvious that we have to start at least
as many threads as the number of processing units to utilize
the graphics card. The latency hiding mechanism of the GPU
is based on the fast context switching, therefore we have to run
3-4 times more threads parallel to reach the peak performance.
Another limitation of GPU development is the separated
CPU-GPU memory hierarchy. Both the GPU and the CPU
have their own memory area, and neither of them can work
in the other’s memory area. This means that we have to copy
data from host memory to device memory and vice versa. This
coping can degrade performance.
There are several cases when it is hard to decide whether
an algorithm will be faster in the GPU than in the CPU, or
not. This depends on several hardware (number/size/speed of
memory/bus/execution units) and software (number of threads,
independency of threads) aspects. However there is a general
rule that can help in this decision: the ratio of calculations
per data movement is as the higher GPU will perform better.
From this point of view, porting the Ferrari method to the GPU
promises good results. Solving the equation is quite calculation
intensive (there are several floating point operations), but the
volume of the input-output data is not significant.
Based on the foregoing, we developed a GPU kernel using
CUDA C language to solve quartic equations. The system is

•

CPU configuration
– Processor: Intelr CoreTM i7-2600
– Architecture: Sandy Bridge
– Number of cores: 4
– Memory: 16GB DDR2
GPU configuration
– Graphics accelerator: NVIDIA Tesla K40c
– Architecture: Kepler (GK110B)
– Number of shaders: 2880
– SMX Count: 15
– Memory: 12GB GDDR5
– Host: the same as the CPU config

A. Single-precision floating points
In the first test, we checked the runtime of the algorithm
in case of floating point operations. The main steps of the
procedure:
1) Get a new N value, it is the number of the equations.
2) Generate a1 , b1 , c1 , d1 random single float numbers [16].
Calculate coefficients A, B, C, D, E for a1 , b1 , c1 , d1
using (x − a1 )(x − b1 )(x − c1 )(x − d1 ) = 0 formula.
3) Checkpoint T1
4) Calculate the root values from the coefficient values
(single-precision) on CPU
5) Checkpoint T2
6) Copy input data to the GPU
7) Checkpoint T3
8) Calculate the root values from the coefficient values
(single-precision) on GPU
9) Checkpoint T4
10) Copy results back to the CPU
11) Checkpoint T5
12) Enter the quartic equation coefficients directly to check
the accuracy.
We repeated the whole measurement process 32 times,
because the standard deviation of the runtime values (mainly
in the case of small N values) was quite high. Table I and Fig.
1 show the average results of these tests.
As you can see, the CPU is faster in the case of small N
values. When we increase the number of equations, the GPU
becomes faster. That is what we expected, because we need
to start several threads to utilize the processing power of the
GPU.
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Fig. 1. Runtime of CPU and GPU algorithm in the case of 32bit variables. The stacked bars show the detailed runtime values for the GPU.

TABLE I
RUNTIME OF CPU AND GPU ALGORITHM IN THE CASE OF 64 BIT
VARIABLES . T HE LAST THREE COLUMNS SHOW THE DETAILED GPU
RUNTIMES : MEMORY COPY FROM CPU TO GPU, KERNEL EXECUTION ,
MEMORY COPY FROM GPU TO CPU
GPU details (ms)
N

CPU (ms)

GPU (ms)

CPU-GPU

Kernel

GPU-CPU

10
50
100
120
200
500
1000
1500
2000

184
348
681
814
1348
3391
6767
10162
13565

782
787
792
794
791
822
890
955
1043

9
11
14
15
19
34
58
81
104

761
762
761
761
750
751
771
787
828

12
14
17
18
22
37
61
87
111

Checkpoint T4
Copy results back to the CPU
Checkpoint T5
Enter the quartic equation coefficients directly to check
the accuracy.
The results are very similar as in the first test. It is obvious
that both the CPU and the GPU are slower in the case of
double-precision arithmetic. It is worth noting, that the doubleprecision speed of the GPU is very attractive. We did similar
tests some years ago, and at that time, the double-precision
performance of the GPU’s was quite poor.
9)
10)
11)
12)

TABLE II
RUNTIME OF CPU AND GPU ALGORITHM IN THE CASE OF 64 BIT
VARIABLES . T HE LAST THREE COLUMNS SHOW THE DETAILED GPU
RUNTIMES : MEMORY COPY FROM CPU TO GPU, KERNEL EXECUTION ,
MEMORY COPY FROM GPU TO CPU

B. Double-precision floating points

GPU details (ms)

The main steps of the test:

N

CPU (ms)

GPU (ms)

CPU-GPU

Kernel

GPU-CPU

1) Get a new N value, it is the number of the equations.
2) Generate a1 , b1 , c1 , d1 random double-precision numbers. Calculate coefficients A, B, C, D, E for a1 , b1 , c1 ,
d1 using (x − a1 )(x − b1 )(x − c1 )(x − d1 ) = 0 formula.
3) Checkpoint T1
4) Calculate the root values from the coefficient values
(double-precision) on CPU
5) Checkpoint T2
6) Copy input data to the GPU
7) Checkpoint T3
8) Calculate the root values from the coefficient values
(double-precision) on GPU

10
50
100
120
200
500
1000
1500
2000

241
993
1935
2321
3971
9804
19582
29321
39111

814
866
925
938
975
1092
1213
1325
1424

10
15
19
22
29
58
105
151
196

790
834
884
892
914
972
995
1012
1016

14
17
22
24
32
62
113
162
212

As it is visible (Table II and Fig. 2), if the value of N is
beyond a limit (about N = 50), the GPU becomes faster. The
reasons are the same, we have to do enough calculations to
use all the processing units of the device.
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Fig. 2. Runtime of CPU and GPU algorithm in the case of 64bit variables. The stacked bars show the detailed runtime values for the GPU.

C. Accuracy test
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In our last test, we checked the accuracy of both results.
For this, we entered the results into the equation coefficients
directly. Based on the equation, the result must be 0, but due
to numerical instability, there may be some difference.
My experiences show that there is not any significant
differences between the CPU and the GPU results. Older
generations of GPUs have some limitations with floating point
arithmetic, but it seems that the new architecture eliminates
this problem.
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It is worth porting an application to the GPU, if the number
of calculation (arithmetic operations) is relatively high and the
number and volume of memory access is relatively small. It
is clear, that running multiple equation solvers based on the
Ferrari method clearly meets these conditions.
As expected, if the number of equations is small, the CPU
gives better results. But if we increase the number of parallel
threads, we can reach two limits. First, the execution time
of the kernel becomes smaller than the execution time of
the traditional CPU code (it is when N = 115 in the singleprecision case, and N = 48 in the double-precision case).
However, if we check the runtime of the entire algorithm
(including the memory transmissions) the CPU is already
faster. When we reach the second limit (N = 120 in the case
of single-precision values and N = 50 in the case of doubleprecision values), the GPU will be faster from every point of
view. In these cases, it is definitely worth to run the solver in
the GPU.
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